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We first define molecules for weighted Hardy spaces and prove their molecular
characters. As an application, we give sufficient conditions on the kernel k such
that the convolution operator Tf=k ff is bounded on weighted Hardy spaces
Hpw(R
n), w ¥ A1. We also get the Hpw(R), 1/2 < p [ 1, boundedness of the
Hilbert transform and the Hpw(R
n), n/(n+1) < p [ 1, boundedness of the Riesz
transforms. © 2002 Elsevier Science (USA)
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1. INTRODUCTION
Weighted Hardy spaces Hpw have been extensively studied by Garcia-
Cuerva [3] and Strömberg and Torchinsky [10], where w is a
Muckenhoupt’s Ap weight. The atomic characterization of H
p
w has been
given in [3, 10], while so far there is no molecule defined for Hpw. In this
paper we first define molecules belonging to weighted Hardy spaces Hpw
and then show that each ‘‘weighted’’ atom is a ‘‘weighted’’ molecule, and
each weighted molecule belongs to a weighted Hardy space. As an applica-
tion of the molecular characterization combing with the atomic decompo-
sition of Hpw, we will give sufficient conditions on the kernel k such that the
convolution operator Tf=k ff is bounded on weighted Hardy spaces Hpw,
which implies the Hpw, 1/2 < p [ 1, boundedness of the Hilbert transform
and the Hpw, n/(n+1) < p [ 1, boundedness of the Riesz transforms.
The class Ap has appeared in Muckenhoupt [8], Hunt et al. [6], and
Coifman and Fefferman [1] in the investigation of weighted Lp bounded-
ness of Hardy–Littlewood maximal functions and the Hilbert transform. In
this article a weight means the Ap weight. More precisely, let w be a non-
negative function defined on Rn. We say that w ¥ Ap, 1 < p <., if
1F
I
w(x) dx21F
I
w(x)−1/(p−1) dx2p−1 [ C|I|p for every cube I ı Rn,
where C is a positive constant independent of I and 0 ·. is taken to be 0.
A function w satisfies the condition A. if given e > 0 there exists d > 0 such
that if I is a cube, E ı I with |E| < d |I|, then
F
E
w(x) dx < e F
I
w(x) dx.
For the case p=1, w ¥ A1 if
1
|I|
F
I
w(x) dx [ C· ess inf
x ¥ I
w(x) for every cube I ı Rn.
It is well known that a locally integrable function satisfies the condition
A. if and only if it satisfies the condition Ap for some p > 1. Also, if w ¥ Ap
with 1 < p <., then w ¥ Ar for all r > p and w ¥ Aq for some 1 < q < p. We
thus use qw — inf{q > 1 : w ¥ Aq} to denote the critical index of w and set
weighted measure w(E)=>E w(x) dx.
For any cube I and l > 0, we shall denote by lI the cube concentric with
I whose each edge is l times as long. It is known that for w ¥ Ap, p \ 1,
w satisfies the doubling condition; that is, there exists an absolute constant C
such that w(2I) [ Cw(I). We now have a more specific estimate for w(lI)
as follows.
Lemma A [4]. Let w ¥ Ap, p \ 1. Then, for any cube I and l > 1,
w(lI) [ Clnpw(I),
where C does not depend on I nor on l.
A close relation to Ap is the reverse Hölder condition. If there exist r > 1
and a fixed constant C > 0 such that
1 1
|I|
F
I
w(x)r dx21/r [ C 1 1
|I|
F
I
w(x) dx2 for every cube I ı Rn,
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we say that w satisfies the reverse Hölder condition of order r and write
w ¥ RHr. It follows from Hölder’s inequality that w ¥ RHr implies w ¥ RHs
for s < r. It is known that w ¥ A. if and only if w ¥ RHr for some r > 1.
Moreover, if w ¥ RHr, r > 1, then w ¥ RHr+e for some e > 0. We thus write
rw — sup {r > 1 : w ¥ RHr} to denote the critical index of w for the reverse
Hölder condition. For a function f and n ¥ Rn, we define ynf the translation
of f given by ynf(x)=f(x− n). Then ynw ¥ Ap for w ¥ Ap, 1 [ p [., and
all n ¥ Rn, and qynw=qw, rynw=rw.
For the comparison between the Lebesgue measure of a set E and its
weighted measure w(E), we have the following
Theorem B [4, 5]. Let w ¥ Ap 5 RHr, p \ 1 and r > 1. Then there exist
constants C1, C2 > 0 such that
C11 |E||I| 2p [ w(E)w(I) [ C2 1 |E||I| 2 (r−1)/r
for any measurable subset E of a cube I.
Throughout this paper C denotes a positive constant not necessarily the
same at each occurrence, and a subscript is added when we wish to make
clear its dependence on the parameter in the subscript. We also use a % b to
denote the equivalence of a and b; that is, there exist two positive constants
C1, C2 independent of a, b such that C1a [ b [ C2a.
2. PRELIMINARIES
Given a weight function w on Rn, as usual we denote by Lqw(R
n) the
space of all functions satisfying ||f||qLqw — >Rn |f(x)|q w(x) dx <.. When
q=., L.w will be taken to mean L. and ||f||L.w=||f||L.. Analogous to
the classical Hardy spaces, the weighted Hardy spaces Hpw(R
n), p > 0, can
be defined in terms of maximal functions. Namely, let j be a function
in S(Rn), the Schwartz space of rapidly decreasing smooth functions,
satisfying >Rn j(x) dx=1. Define
jr(x)=r−nj(x/r), r > 0, x ¥ Rn,
and the maximal function fg by
fg(x)=sup
r > 0
|f f jr(x)|.
Then Hpw(R
n) consists of those tempered distributions f ¥SŒ(Rn) for
which fg ¥ Lpw(Rn) with ||f||Hpw=||f
g||Lpw .
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We can also characterize these weighted Hardy spaces Hpw in terms of
atoms in the following way.
Definition. On Rn, let 0 < p [ 1 [ q [. and p ] q such that w ¥ Aq
with critical index qw. Set [ ·] the integer function. For s ¥ Z satisfying
s \ [n(qw/p−1)], a real-valued function a is called (p, q, s)-atom with
respect to w (or w-(p, q, s)-atom) if
(i) a ¥ Lqw and is supported in a cube I,
(ii) ||a||Lqw [ w(I)
1/q−1/p,
(iii) >Rn a(x) xa dx=0 for every multi-index a with |a| [ s.
More precisely, the atom defined above is called (p, q, s)-atom centered at
x0 with respect to w (or w-(p, q, s)-atom centered at x0), where x0 is the
center of the cube I. In the following we always use N to denote the integer
[n(qw/p−1)].
Let a be any w-(p, q, s)-atom. We have immediately a ¥ Lpw and
||a||Lpw [ 1, since by Hölder’s inequality
F
I
|a(x)|p w(x) dx [ ||ap||Lrw 1FI w(x) dx21/rŒ
=||a||pLqw ·w(I)
1−p/q
[ 1,
where r=q/p and 1/rŒ=1−1/r=1−p/q. These p-atoms with respect to
w are the basic building blocks of Hpw (the so-called atomic decomposition
for Hpw). Their features are stated in the next four theorems and were
proved in [3].
Theorem C. Let w ¥ A. and 0 < p [ 1. For each f ¥Hpw(Rn), there
exist a sequence {ai} of (p,., N)-atoms with respect to w and a sequence
{li} of real numbers with ; |li |p [ C||f||pHpw such that f=; liai both in the
sense of distributions and in the Hpw norm.
Let Hp, q, sw denote the space consisting of tempered distributions ad-
mitting a decomposition f=; liai, where ai’s are w-(p, q, s)-atoms and
; |li |p <.. For fixed weight function w and f ¥Hpw(Rn), we also set
Np, q, s(f)=inf 31C
i
|li |p21/p: C
i
liai is a decomposition of f
into (p, q, s)-atoms with respect to w4 .
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We have the following equivalence:
Theorem D. If both triples (p, q1, N) and (p, q2, N) satisfy the condi-
tions in the definition of w-atom, then Hp, q1, Nw =H
p, q2, N
w and, for all q, the
gaugesNp, q, N(f) are equivalent.
Theorem E. For 0 < p [ 1 [ q [. and p ] q, every (p, q, N)-atom
with respect to w is in Hpw(R
n), and its Hpw-norm is bounded by a constant
independent of the atom.
From Theorems C, D, and E, it follows that Hpw=H
p, q, N
w and
||f||Hpw %Np, q, N(f). Each w-(p, q, s2)-atom is a w-(p, q, s1)-atom for
s1 [ s2, so Np, q, s1 (f) [Np, q, s2 (f). Also, by Hölder’s inequality, each
w-(p, q2, s)-atom is a w-(p, q1, s)-atom whenever q1 [ q2, so Np, q1, s(f) [
Np, q2, s(f). The Whitney decomposition theorem (see Stein [9]) yields
Hpw ıHp,., sw andNp,., s(f) [ C||f||Hpw for s \N, which imply
Hp, q, Nw =H
p
w ıHp,., sw ıHp, q, sw
and
Np, q, s(f) [Np,., s(f) [ C||f||Hpw [ CNp, q, N(f).
We thus have Hp, q, sw =H
p, q, N
w andNp, q, s(f) %Np, q, N(f) for all s \N, and
hence obtain the following equivalence of all weighted atomic Hardy
spaces:
Theorem F. All spaces Hp, q, sw coincide with H
p
w and Np, q, s(f) % ||f||Hpw
provided the triple (p, q, s) satisfies the conditions in the definition of w-atom.
If we allow an atom to have support outside of a cube and also replace
its size condition, then we get a generalized atom. Such generalized atoms
are called molecules and are useful in certain applications. Denote by Ix0r
the cube centered at x0 with side length 2r and denote I
0
r simply by Ir. We
now define the molecules corresponding to the atoms mentioned above.
Definition. For 0 < p [ 1 [ q [. and p ] q, let w ¥ Aq with critical
index qw and critical index rw for the reverse Hölder condition. Set
s \N, e >max{srw(rw−1)−1 n−1+(rw−1)−1, 1/p−1}, a=1−1/p+e, and
b=1−1/q+e. A (p, q, s, e)-molecule centered at x0 with respect to w
(or w-(p, q, s, e)-molecule centered at x0) is a functionM ¥ Lqw(Rn) satisfying
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(i) M(x) ·w(Ix0|x−x0|)
b ¥ Lqw(Rn),
(ii) ||M||a/bLqw · ||M(x) ·w(I
x0
|x−x0|)
b||1−a/bLqw —Nw(M) <.,
(iii) >Rn M(x) xa dx=0 for every multi-index a with |a| [ s.
The above Nw(M) is called the molecular norm of M with respect to w (or
w-molecular norm of M). If there is no ambiguity, we still use N(M) to
denote the w-molecular norm ofM.
Remark 1. If w(x) — constant, then qw=1 and rw=.. Thus the above
definition reduces to the classical molecule.
Remark 2. Every w-(p, q, s −)-atom f is a w-(p, q, s, e)-molecule for
s [ s −, e >max{srw(rw−1)−1 n−1+(rw−1)−1, 1/p−1}, and N(f) [ C where
C is a constant independent of f. This follows from the fact that if
supp(f) ı Ix0R , then ||f||Lqw [ w(I
x0
R )
1/q−1/p and
||f(x) ·w(Ix0|x−x0|)
b||Lqw=
1F
Ix0R
|f(x)|q ·w(Ix0|x−x0|)
bq w(x) dx21/q
[ w(Ix0`n R)
b w(Ix0R )
1/q−1/p
[ Cw(Ix0R )a.
Hence N(f)=||f||a/bLqw · ||f(x) ·w(I
x0
|x−x0|)
b||1−a/bLqw [ C.
3. MOLECULAR CHARACTERIZATION
As in [11], we have the following molecular characterization of weighted
Hardy spaces.
Theorem 1. Let (p, q, s, e) be the quadruple in the definition of w-mole-
cule, and let w ¥ Aq. Every (p, q, s, e)-moleculeM centered at any point with
respect to w is in Hpw(R
n) and ||M||Hpw [ CN(M), where the constant C is
independent of the molecule.
Proof. Assume ||M||Hpw [ C holds whenever N(M)=1. Then, for
general M, let MŒ=M/N(M). We have N(MŒ)=1 and hence ||M||Hpw=
||N(M) MŒ||Hpw=N(M) ||MŒ||Hpw [ CN(M).
Let qw denote the critical index of w and rw denote its critical index
for the reverse Hölder condition. Let M be a (p, q, s, e)-molecule centered
at 0 with respect to w satisfying N(M)=1. Define s by setting
w(Is) (1/p−1/q)=||M||
−1
Lqw
and consider the sets
E0={x ¥ Rn : |x| < s},
Ek={x ¥ Rn : 2k−1s [ |x| < 2ks} for k=1, 2, ... .
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Set Mk=MqEk , where qEk is the characteristic function of Ek. For all
k=0, 1, 2, ... and a a multi-index such that |a| [ s, let fka(x) be the function
on Ek (actually the restriction to Ek of a polynomial of degree [ s)
uniquely determined by the condition
1
|Ek |
F
Ek
fka(x) x
b dx=da, b for every multi-index b with |b| [ s, (1)
where da, b=1 if a=b, and 0 otherwise. Set Pk(x)=;|a| [ s mkafka(x) with
mka=|Ek|
−1 >Ek Mk(x) xa dx. Then
F
R
n
{Mk(x)−Pk(x)} xa dx=0 for every multi-index a with |a| [ s. (2)
By homogeneity, we have
|fka(x)| [ C(2ks)−|a|, (3)
and so
|Pk(x)| [ C
|a| [ s
|mkaf
k
a(x)| [ C
1
|Ek |
F
Ek
|Mk(x)| dx.
Since M=;.k=0 Mk=; (Mk−Pk)+; Pk, by Theorem F to show both
; (Mk−Pk) and ; Pk in Hpw, it suffices to verify that
(I) each (Mk−Pk) is a multiple of a w-(p, q, s)-atom centered at 0
with a sequence of coefficients in ap,
(II) the sum ;Pk can be written as an infinite linear combination of
w-(p,., s)-atoms centered at 0 with a sequence of coefficients in ap.
It is from (2) that (Mk−Pk) has vanishing moments up to order s. So, it
remains to check the size condition to get (I). By the definitions of Mk and
Pk, supp(Mk−Pk) ı I2ks and |I2ks |=(2k+1s)n. For 1 < q <., by Hölder’s
inequality and condition Aq,
1
|Ek |
F
Ek
|Mk(x)| dx
[ Cn
1
|I2ks |
1F
Ek
|Mk(x)|q w(x) dx21/q 1F
I2ks
w(x)−1/(q−1) dx2 (q−1)/q
[ Cw, nw(I2ks)−1/q ||Mk ||Lqw .
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It is obvious that |Ek |−1 >Ek |Mk(x)| dx [ ||Mk ||L.=||Mk ||L.w for q=.. As
for q=1, condition A1 implies
1
|Ek |
F
Ek
|Mk(x)| dx [ Cn
1
|I2ks |
F
Ek
|Mk(x)| w(x) w(x)−1 dx
[ Cn{ess inf
x ¥ I2ks
w(x)}−1
1
|I2ks |
F
Ek
|Mk(x)| w(x) dx
[ Cw, nw(I2ks)−1 ||Mk ||L1w .
Hence, for all 1 [ q [.,
1
|Ek |
F
Ek
|Mk(x)| dx [ Cw, nw(I2ks)−1/q ||Mk ||Lqw , (4)
which implies
||Pk ||Lqw [ Cw, n ||Mk ||Lqw .
Thus
||Mk−Pk ||Lqw [ Cw, n ||Mk ||Lqw .
Note thatN(M)=1 implies ||M(x) w(I|x|)b||Lqw=w(Is)
a, where a=1−1/p+e
and b=1−1/q+e. Let g(r)=sr(r−1)−1n−1+(r−1)−1 for r > 1. As g is
continuous and strictly decreasing, the choice of e gives e > g(rw). We hence
are able to choose 1 < r < rw such that e > g(r) > g(rw); that is,
e >
r
r−1
s
n
+
1
r−1
>
rw
rw−1
s
n
+
1
rw−1
. (5)
Fix this r and set d=(r−1)/r. Then, for k \ 1, by the doubling condi-
tion and Theorem B,
||Mk ||Lqw [ Cw >Mk(x) 1 w(I|x|)w(I2ks)2
b>
Lqw
[ Cw w(Is)a w(I2ks)−b
[ Cw(2nad)−k w(I2ks)1/q−1/p (6)
and
||M0 ||Lqw [ ||M||Lqw=w(Is)
1/q−1/p.
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Hence, for k=0, 1, 2, ...,
||Mk−Pk ||Lqw [ Cw, n(2
nad)−k w(I2ks)1/q−1/p.
It follows that, for k=0, 1, 2, ...,
C−1w, n(2
nad)k (Mk−Pk) — Ak
is a w-(p, q, s)-atom centered at 0. In other words,
Mk−Pk=lkAk,
where Ak is a w-(p, q, s)-atom centered at 0 and lk=Cw, n(2nad)−k. Since
nadp > 0, ;.k=0 lpk=Cw, n, p ;.k=0 (2nadp)−k <. as desired.
To prove (II), we write
C
.
k=0
Pk(x)= C
|a| [ s
C
.
k=0
(mka |Ek |)(|Ek |
−1 fka(x)).
After observing that
C
.
k=0
mka |Ek |=F
R
n
M(x) xa dx=0 for all |a| [ s,
we use Abel’s summation formula to write
C
.
k=0
(mka |Ek |)(|Ek |
−1 fka(x))
=C
.
k=0
1 C.
j=k
m ja |Ej |− C
.
j=k+1
m ja |Ej |2 (|Ek |−1 fka(x))
=C
.
k=0
1 C.
j=k+1
m ja |Ej |2 (|Ek+1 |−1 fk+1a (x)− |Ek |−1 fka(x))
— C
.
k=0
Nkak
k
a(x),
where Nka=;.j=k+1 m ja |Ej | and kka(x)=|Ek+1 |−1 fk+1a (x)− |Ek |−1 fka(x). So,
C
.
k=0
Pk(x)= C
|a| [ s
C
.
k=0
Nkak
k
a(x).
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It follows from (1) that
F
R
n
kka(x) x
b dx=
1
|Ek+1 |
F
Ek+1
fk+1a (x) x
b dx−
1
|Ek |
F
Ek
fka(x) x
b dx
=0 for all |b| [ s.
To show that Nkak
k
a(x) is a multiple of a w-(p,., s)-atom centered at 0, we
still need to check the size condition. Using (4), we have
|Nka | [ Cn C
.
j=k+1
(2 js)n+|a|
1
|Ej |
1F
Ej
|Mj(x)| dx2
[ Cw, n C
.
j=k+1
(2 js)n+|a| w(I2js)−1/q ||Mj ||Lqw .
By inequality (6),
|Nka | [ Cw, n C
.
j=k+1
(2 js)n+|a| w(I2js)−1/p (2nad)−j
[ Cw, n(2k+1s)n+|a| w(I2k+1s)−1/p (2nad)−k−1 C
.
j=0
(2 j)n+|a|−nd/p−nad.
We have (5) by the choice of r, which guarantees that the exponent
n+|a|−nd/p−nad of the last summation is negative. Hence
|Nka | [ Cw, n, p(2k+1s)n+|a| w(I2k+1s)−1/p (2nad)−k−1.
Since supp(kka) ı I2k+1s, by (3) we have
|Nkak
k
a(x)| [ Cw, n, p w(I2k+1s)−1/p (2nad)−k−1.
It yields Nkak
k
a(x)=lk, aAk, a(x), where Ak, a(x) is a w-(p,., s)-atom
centered at 0 and lk, a=Cw, n, p(2nad)−k−1. Then
C
.
k=0
Pk(x)= C
|a| [ s
C
.
k=0
lk, aAk, a(x)
and
C
|a| [ s
C
.
k=0
(lk, a)p=Cw, n, p C
|a| [ s
C
.
k=0
(2nadp)−k−1 <.
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as desired. We also have
||M||pHpw [ > C.
k=0
(Mk−Pk)>p
Hpw
+> C.
k=0
Pk>p
Hpw
[ Cw, n, p C
.
k=0
(2nadp)−k+Cw, n, p C
|a| [ s
C
.
k=0
(2nadp)−k−1
[ Cw, n, p,
and so the theorem holds for every w-(p, q, s, e)-molecule centered at 0.
Let M be any (p, q, s, e)-molecule centered at x0 ¥ Rn with respect to w
satisfying Nw(M)=1. Then y−x0M is a (p, q, s, e)-molecule centered at 0
with respect to y−x0w and Ny−x0w(y−x0M)=Nw(M). As we have already
shown
y−x0M(x)=C liai(x),
where ai’s are p-atoms centered at 0 with respect to y−x0w and {li} ¥ ap,
M(x)=C liai(x−x0)=C li(yx0ai)(x),
where yx0ai’s are p-atoms centered at x0 with respect to w, and the theorem
is proved. L
4. APPLICATIONS:Hpw BOUNDEDNESS OF CONVOLUTION
OPERATORS
The Caldero´n–Zygmund theorem on singular integrals, as presented by
Stein [9], shows that if k ¥ L2(Rn) satisfies
F
|x| \ 2|y|
|k(x−y)−k(x)| dx [ C (-y ] 0)
together with the boundedness of kˆ, then the convolution operator
fW k ff is bounded on Lp, p > 1. Coifman and Weiss [2] extended this
result from Rn to homogeneous groups. Under a stronger condition, the
second author [7] has obtained the following Hp boundedness result.
Theorem G. Let G be a homogeneous group with homogeneous
dimension Q and homogeneous norm +( · ). Assume that k ¥ L2(G) satisfies
||k ff||2 [ C1 ||f||2 and
|k(xy−1)−k(x)| [ C2
+(y)l
+(x)Q+l
whenever +(x) \ C3+(y)
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for some 0 < l [ 1 and absolute constants C1, C2, and C3. Then the operator
Tf=k ff is bounded on Hp(G), Q/(Q+l) < p <..
Here we will show similar results held for weighted Hardy spaces
Hpw(R
n), w ¥ A1. We first extend the Caldero´n–Zygmund theorem to the
H1w boundedness. In order to do so, we need the following H
1
w bounded-
ness of the Riesz transforms given in [12].
Theorem H. Let w ¥ A1 and Rj be the Riesz transforms; that is,
Rjf5 (t)=
itj
|t|
fˆ(t), j=1, ..., n.
Then, for f ¥H1w(Rn),
||Rjf||H1w [ C||f||H1w , j=1, ..., n,
and
||f||H1w % ||f||L1w+C
n
j=1
||Rjf||L1w .
Theorem 2. Letw ¥ A1.Assumethatk ¥ Lloc(Rn0{0})satisfies ||k ff||L2w [
C1 ||f||L2w and
F
|x| \ C2 |y|
|k(x−y)−k(x)| w(x+h) dx [ C3w(y+h) (-y ] 0, -h ¥ Rn) (7)
for certain absolute constants C1, C2, and C3. Then there exists a constant C
independent of f such that ||k ff||L1w [ C||f||H1w for all f ¥H1w(Rn).
Proof. By the atomic decomposition of H1w, it suffices to show
||k ff||L1w [ C for any w-(1, 2, 0)-atom f with constant C independent of
the choice of f. We first consider the weighted 1-atom centered at 0. Given
w-(1, 2, 0)-atom f with supp(f) ı IR, we have ||f||L2w [ w(IR)
−1/2 and
>IR f(x) dx=0. Hence
F
|x| \ C2 `n R
|k ff(x)| w(x) dx
=F
|x| \ C2 `n R
: F
IR
{k(x−y)−k(x)} f(y) dy : w(x) dx
[ F
IR
|f(y)| dy F
|x| \ C2 |y|
|k(x−y)−k(x)| w(x) dx
[ C3 F
IR
|f(y)| w(y) dy [ C3.
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On the other hand, by Schwarz’s inequality and the doubling condition,
F
|x| < C2 `n R
|k ff(x)| w(x) dx [ ||k ff||L2w 1F
|x| < C2 `n R
w(x) dx21/2
[ C1 ||f||L2w w(C2 `n IR)
1/2
[ C.
Both inequalities get ||k ff||L1w [ C for any w-(1, 2, 0)-atom f centered at
the origin.
Let f be a w-(1, 2, 0)-atom centered at x0 ¥ Rn. Then y−x0 f is a
w1-(1, 2, 0)-atom centered at 0, where w1=y−x0w ¥ A1. Moreover, k satisfies
||k f (y−x0 f)||L2w1 [ C1 ||y−x0 f||L2w1 and
F
|x| \ C2 |y|
|k(x−y)−k(x)| w1(x) dx [ C3w1(y) (-y ] 0).
We have obtained ||k f (y−x0 f)||L1w1 [ C. Hence,
||k ff||L1w=||k f (y−x0 f)||L1w1 [ C
and the proof is complete. L
Corollary 3. Under the same hypotheses as Theorem 2, there exists a
constant C independent of f such that ||k ff||H1w [ C||f||H1w for all f ¥H1w(Rn).
Proof. Write Tf — k ff. Since T commutes with the Riesz transforms
Rj, using Theorem H and Theorem 2, we get
||k ff||H1w % ||Tf||L1w+C
n
j=1
||RjTf||L1w=||Tf||L1w+C
n
j=1
||TRjf||L1w
[ C 1 ||f||H1w+Cn
j=1
||Rjf||H1w
2 [ C||f||H1w .
L
As a consequence of molecular characterization coupled with Theorem F,
to prove the Hpw boundedness of a sublinear operator T, it suffices to show
that Tf is a p-molecule with respect to w and N(Tf) [ C for some con-
stant C independent of f whenever f is a p-atom with respect to w. In
order to show the Hpw boundedness of convolution operators, we need the
following estimate which can be found in [4, p. 412].
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Lemma J. Let w ¥ Aq, q > 1. Then, for all r > 0, there exists a constant C
independent of r such that
F
|x| \ r
w(x)
|x|nq
dx [ Cr−nqw(Ir).
If we strengthen the assumption on the kernel, we can prove the Hpw
boundedness of convolution operators, which is an extension of
Theorem G for the Euclidean spaces.
Theorem 4. Let w ¥ A1 with critical index rw for the reverse Hölder
condition. Assume that k ¥ Lloc(Rn0{0}) satisfies ||k ff||L2w [ C1 ||f||L2w and
|k(x−y)−k(x)| [ C2
|y|l
|x|n+l
whenever |x| \ C3 |y| (8)
for some 0 < l [ 1 and absolute constants C1, C2, and C3. If rw > (n+l)/l,
then the operator Tf — k ff is bounded on Hpw(Rn), n/(n+l) < p [ 1.
Proof. Let n/(n+l) < p [ 1 and rw > (n+l)/l. It is clear that
[n(1/p−1)]=0 and max{1/(rw−1)−1, 1/p−1} < l/n. Choose e satis-
fying max{1/(rw−1)−1, 1/p−1} < e < l/n. Similar to the arguments in
Theorems 1 and 2, it suffices to show that, for every w-(p,., 0)-atom f
centered at 0, Tf — k ff is a w-(p, 2, 0, e)-molecule centered at 0 and
N(Tf) [ C, where C is independent of f. This yields the Hpw boundedness
of T.
For w-(p,., 0)-atom f with supp(f) ı IR, ||f||L. [ w(IR)−1/p, and
> f(x) dx=0, let a=1−1/p+e and b=1/2+e. Then
||Tf(x) w(I|x|)b||
2
L2w
=F
R
n
|Tf(x)|2 w(I|x|)1+2e w(x) dx
=1F
|x| < C3 `n R
+F
|x| \ C3 `n R
2 |Tf(x)|2 w(I|x|)1+2e w(x) dx
— J1+J2.
The L2w boundedness of T implies
J1 [ Cw, nw(IR)1+2e ||f||2L2w [ Cw, nw(IR)
2a.
To estimate J2 we write
J2 — F
|x| \ C3 `n R
|k ff(x)|2 w(I|x|)1+2e w(x) dx
=F
|x| \ C3 `n R
: F
IR
{k(x−y)−k(x)} f(y) dy :2 w(I|x|)1+2e w(x) dx.
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Schwarz’s inequality and the assumption on k give
: F
IR
{k(x−y)−k(x)} f(y) dy :2 [ (2R)n F
IR
|k(x−y)−k(x)|2 |f(y)|2 dy
[ CnR2n+2l |x|−2n−2l ||f||2L..
Thus Theorem B and Lemma J imply
J2 [ CnR2n+2l ||f||2L. F
|x| \ C3 `n R
|x|−2n−2l w(I|x|)1+2e w(x) dx
[ Cw, nRn+2l−2ne ||f||2L. w(IR)1+2e F
|x| \ C3 `n R
|x|2ne−n−2l w(x) dx
[ Cw, nw(IR)2a.
Hence ||Tf(x) w(I|x|)b||L2w [ Cw, nw(IR)
a and
N(Tf)=||Tf||
a/b
L2w
||Tf(x) w(I|x|)b||
1−a/b
L2w
[ Cw, n.
Let fˆ be the Fourier transform of f. The moment condition of f gives
fˆ(0)=0 which implies Tf5 (0)=kˆ(0) fˆ(0)=0. We hence have > Tf(x) dx
=0 and the theorem is proved. L
Remark 3. We note that the inequality (8) implies inequality (7)
provided w ¥ A1. To see this, for f ¥ L loc(Rn), let fWMf denote the
Hardy–Littlewood maximal function defined by
Mf(y)=sup
r > 0
1
|B(y, r)|
F
B(y, r)
|f(x)| dx.
If k satisfies inequality (8) for some 0 < l [ 1 and absolute constants
C2, C3, then
F
|x| \ 2|y|
|k(x−y)−k(x)| w(x+h) dx
[ C2 C
.
j=1
F
2j |y| [ |x| < 2j+1|y|
|y|l |x|−n−l w(x+h) dx
[ C2 C
.
j=1
|y|l (2 j |y|)−n−l F
|x| < 2j+1|y|
|w(x+h)| dx
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[ C2 C
.
j=1
2−lj(2 j |y|)−n F
|x−y| < 2j+2|y|
|w(x+h)| dx
[ Cn C
.
j=1
2−ljM(y−hw)(y)
=CnM(y−hw)(y).
It is known that y−hw ¥ A1 for any h ¥ Rn, which implies M(y−hw)(x) [
C(y−hw)(x)=Cw(x+h) almost everywhere. Thus the inequality (7)
follows.
Some of the weight functions in A1 have the critical indices for the
reverse Hölder condition rw [ (n+l)/l. For example, w(x)=|x|a,
−n < a [ −nl/(n+l). Therefore, we do need the condition rw > (n+l)/l
in Theorem 4. We derive the following result as a simple corollary.
Corollary 5. On Rn, let k satisfy the assumptions of Theorem 4, and
let w(x)=|x|a, −nl/(n+l) < a [ 0. Then the operator Tf=k ff is
bounded on Hpw for n/(n+l) < p [ 1.
Proof. It suffices to show that |x|a ¥ RH(n+l)/l; that is,
1 1
|I|
F
I
|x|a(n+l)/l dx2l/(n+l) [ C
|I|
F
I
|x|a dx for all cubes I ı Rn.
Given a cube I ı Rn with edge length 2r, we denote the translation of I by
I with the center at the origin. Thus, there are two cases to be considered:
(i) 2I 5 I ]”, and (ii) 2I 5 I=”.
For the case (i), we have 4I ` I. Under the condition −nl/(n+l)
< a [ 0, we hence get
1 1
|I|
F
I
|x|a(n+l)/l dx2l/(n+l) [ Cn1 1rn F|x| [`n 4r |x|a(n+l)/l dx2
l/(n+l)
=Cnra,
and
1
|I|
F
I
|x|a dx \
1
|I|
F
I
(`n 4r)a dx=Cnra.
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For the case (ii), it is clear that |x| > 2r for x ¥ I, and so |x| % |y| for all
x, y ¥ I. Choose x0 ¥ I such that |x0 | \ |x| for all x ¥ I. Thus,
1 1
|I|
F
I
|x|a(n+l)/l dx2l/(n+l) % 1 1
|I|
F
I
|x0 |a(n+l)/l dx2l/(n+l)
=|x0 |a [
1
|I|
F
I
|x|a dx.
L
Theorem 6. On R, if w ¥ A1, then the Hilbert transform is bounded on
Hpw for 1/2 < p [ 1.
Remark 4. If w ¥ A1 has critical index for the reverse Hölder condition
rw > 2, then Theorem 6 is a simple application of Theorem 4. For
w ¥ A1 ı A2, it follows from [1, 6] that the Hilbert transform is L2w
bounded. The kernel of the Hilbert transform is k(x)=1/(px). It is easy to
check that this k satisfies
|k(x−y)−k(x)| [
2
p
|y|
|x|2
for |x| \ 2|y|.
If we follow the same process as the proof of Theorem 4, we can drop off
the condition rw > 2 in the following proof.
Proof of Theorem 6. It is known that the weight w ¥ A1 implies
w ¥ RH1+r for some r > 0. Hence there exists s ¥N such that 1/s < r. For
1/2 < p [ 1, it is clear that [1/p−1]=0 and max{1/(rw−1)−1, 1/p−1}
< s. Choosing e such that max{1/(rw−1)−1, 1/p−1} < e < s, we shall
prove that, for every w-(p,., s−1)-atom f centered at 0, its Hilbert
transform Hf=k ff is a w-(p, 2, 0, e)-molecule centered at 0 and
N(Hf) [ C with C independent of f, where k(x)=1/(px).
Given w-(p,., s−1)-atom f with supp(f) ı IR, ||f||L. [ w(IR)−1/p, and
> f(x) x i dx=0 for 0 [ i [ s−1, let a=1−1/p+e and b=1/2+e. Then
||Hf(x) w(I|x|)b||
2
L2w
=F
R
|Hf(x)|2 w(I|x|)1+2e w(x) dx
=1F
|x| < 2R
+F
|x| \ 2R
2 |Hf(x)|2 w(I|x|)1+2e w(x) dx
— J1+J2.
The L2w boundedness of H implies
J1 [ Cww(IR)1+2e ||f||2L2w [ Cww(IR)
2a.
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To estimate J2 we write
J2 — F
|x| \ 2R
: 1
px
ff(x):2w(I|x|)1+2e w(x) dx
=
1
p
F
|x| \ 2R
: F
IR
3 1
x−y
−
1
x
C
s−1
i=0
1y
x
2 i4 f(y) dy :2w(I|x|)1+2e w(x) dx.
(9)
For |x| \ 2R and y ¥ IR, we have
: 1
x−y
−
1
x
C
s−1
i=0
1y
x
2 i :=: 1
x
C
.
i=s
1y
x
2 i :=: (y/x) s
x−y
: [ 2 |y| s
|x| s+1
.
Thus Theorem B and Lemma J imply
J2 [ CR2s+2 ||f||2L. F
|x| \ 2R
|x|−2s−2 w(I|x|)1+2e w(x) dx
[ CwR2s+1−2e ||f||2L. w(IR)1+2e F
|x| \ 2R
|x|2e−2s−1 w(x) dx
[ Cww(IR)2a.
Hence ||Hf(x) w(I|x|)b||L2w [ Cww(IR)
a and
N(Hf)=||Hf||
a/b
L2w
||Hf(x) w(I|x|)b||
1−a/b
L2w
[ Cw.
SinceHf5 (t)=i (sign t) fˆ(t), the moment condition of f givesHf5 (0)=0.
We hence have >Hf(x) dx=0 and the proof is complete. L
It is easy to extend Theorem 6 to the higher dimensional case:
Theorem 7. On Rn, if w ¥ A1, then the Riesz transforms are bounded on
Hpw for n/(n+1) < p [ 1.
Proof. Let Rj, j=1, 2, ..., n, denote the Riesz transforms. Then
Rjf=kj ff and Rjf5 (t)=i (tj/|t|) fˆ(t), where kj(x)=Cnxj/|x|n+1 (cf.
[9, p. 57]). We have |Dakj(x)| [ Cn/|x|n+|a| for all multi-indices a. Choose
s ¥N satisfying s > n/(rw−1). If we replace (9) by
J2 — F
|x| \ 2`n R
|kj ff(x)|2 w(I|x|)1+2e w(x) dx
=F
|x| \ 2`n R
: F
IR
3kj(x−y)− Cs−1
|a|=0
1
a!
Dakj(x)(−y)a4 f(y) dy :2
·w(I|x|)1+2e w(x) dx,
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Taylor’s theorem gives
: F
IR
3kj(x−y)− Cs−1
|a|=0
1
a!
Dakj(x)(−y)a4 f(y) dy :2
[ CnR2n+2s |x|−2n−2s ||f||2L. for |x| \ 2`n R.
We then follow the same arguments as in the proof of Theorem 6 to
complete the proof. L
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